An effective approach to isolation of sub-micro sized particles is desired to separate cancer and healthy cells or in therapy of Parkinson's and Alzheimer's disease. However, since bioparticles span a large size range comprising several orders of magnitude, development of an adequate separation method is a challenging task. We consider a collection of non-interacting Brownian particles of various sizes moving in a symmetric periodic potential and subjected to an external unbiased harmonic driving as well as a constant bias. We reveal a nonintuitive, yet efficient, separation mechanism based on thermal fluctuations induced negative mobility phenomenon in which particles of a given size move in a direction opposite to the applied bias. By changing solely temperature of the system one can separate particles of various strictly defined sizes. This novel approach may be important step towards development of point-of-care lab-on-a-chip devices.
I. INTRODUCTION
Separation and fractionation of micro-and sub-microsized particles has ever growing importance in both research and industrial applications including chemical and biological research as well as medical diagnostics [1] . For example, detection and treatment of HIV disease relies on the isolation of human T-lymphocytes from whole blood [2] . Similarly, separation of neuronal cells plays pivotal role in cell replacement therapy of neurodegenerative disorders such as Parkinson's and Alzheimer's disease [3] . The bioparticle size is often a signature of abnormal biological properties leading to disease. This is apparent e.g. for mitochondria and lipid droplets where anomalous size indicates Huntington's disease [4] or leukemia [5] . In some cases cancer cells are found to differ in size as compared to healthy ones [6] . Therefore efficient strategies for separation of bioparticles are required in order to investigate variations of biomolecular signatures.
Unfortunately, bioparticles span a large size range comprising several orders of magnitude starting from hundreds of nanometers to tens of micrometers [7, 8] . For such sub-micro scale thermal fluctuations are lead actors and isolation techniques are rather scarce [9, 10] . An ideal solution would be a tunable method which allows to change a bioparticle size targeted for separation by controlling one of its parameters. In the following we demonstrate a nonintuitive, yet efficient, novel separation strategy taking advantage of a paradoxical mechanism of thermal noise induced absolute negative mobility (ANM) [11] [12] [13] . Its main advantage is that it combines benefits of both active and passive separation techniques. The method utilizes an external driving force as well as a constant bias so the particle sorting efficiency and throughput are expected to be higher than for alternative passive and some active (e.g. ratchet) techniques. On the other hand, since the separation process is induced and controlled by thermal fluctuations it can be applied also to electrically neutral objects which carry no charge or dipole. Moreover, this scheme allows to not only deflect different particle species along different transport angles but even to steer them in opposite directions and therefore it is ideal for separation and fractionation purposes. Finally, the same setup can be applied to segregate particles with respect to their mass [14] .
A key finding of this development is that the omnipresent thermal fluctuations are not necessarily a redundant nuisance but rather may provide novel, tunable mechanism for particle separation at the sub-micro scale. It requires only two ingredients: (i) a symmetric spatially periodic nonlinear structure and (ii) nonequilibrium state created by e.g. a time periodic driving force of vanishing mean value. We show that under an additional action of a constant bias, thermal fluctuations guide particles of a given size in the direction opposite to this net force whereas the others move concurrently towards it, all of that under identical experimental conditions. Moreover, we demonstrate that by changing only temperature of the system one is able to tune the negative mobility effect solely for a precisely defined size of the particle therefore allowing to separate it from the other of different sizes.
Our setup can be experimentally realized using a labon-a-chip device consisting of microfluidic structure. The oscillating force driving the system out of equilibrium may be induced through hydrodynamic flow, but electrophoresis, electroosmosis or dielectrophoresis can also be utilized [10] . In particular, the proof of principle experiment of a similar separation scheme has been already performed with insulator dielectrophoresis in a nonlinear, symmetric microfluidic structure with electrokinetically activated transport [15, 16] . Recently, such setup allowed to induce ANM not only for colloidal particle but even for biological compound in the form of mouse liver mitochondrium [17] . However, these experiments harvested for separation purposes the deterministic ANM whereas here we present a essentially different approach based on the thermal noise induced phenomenon. Temperature driven tunability of the proposed particle separation process is possible to achieve solely for this latter fundamentally distinct mechanism of the ANM. We study a collection of non-interacting classical Brownian particles of various sizes which move in a spatially periodic potential U (x) = U (x + L) of period L and are additionally subjected to an unbiased time-periodic force A cos (Ωt) of amplitude A and angular frequency Ω, as well as an external static force F . Dynamics of a single particle of mass M is described by the following Langevin equation [18] Mẍ+Γẋ = −U (x)+A cos (Ωt)+F + 2Γk B T ξ(t), (1) where the dot and the prime denote differentiation with respect to time t and the particle coordinate x, respectively. The coupling of the particle with thermal bath of temperature T is modelled by Gaussian white noise of zero mean and unity intensity, i.e.,
The parameter k B is the Boltzmann constant and Γ is the friction coefficient. The potential U (x) is assumed to be symmetric and in the simplest form, namely,
Despite its apparent simplicity the studied model serves as a paradigmatic example exhibiting peculiar transport behaviour including, among others, noise enhanced transport efficiency [13, 19] , anomalous diffusion [20] , amplification of normal diffusion [21] [22] [23] and the non-monotonic temperature dependence of normal diffusion [24, 25] . We first recast Eq. (1) into its dimensionless form. This procedure ensures that the later obtained results are setup independent which is essential to facilitate the choice in realizing the best setup for testing our theory by experimentalist. Here, we rescale the particle coordinate and time asx
which transform Eq. (1) to the form
The dimensionless friction coefficient γ is a ratio of the two characteristic time scales, i.e.
where τ 0 = M/Γ. The parameter γ is crucial for the proposed size-based separation because it depends, via the Stokes formula, on the linear size R of the particle. E.g. for a spherical particle Γ = 6πηR, where η is the viscosity of the surrounding medium and R is the radius of the spherical particle. Let us note that a (sub-)microsized particle typically possesses rather small physical mass M and therefore the rescaled friction coefficient γ is expected to be of moderate to large magnitude as compared to the dimensionless mass m which in this scaling is set to unity m = 1. Other parameters read a = (L/∆U )A, ω = τ γ Ω, f = (L/∆U )F . The rescaled potential isÛ (x) = U (Lx)/∆U = sin (2πx) and possesses the unit periodÛ (x) =Û (x + 1). The dimensionless thermal noiseξ(t) has the same statistical properties as ξ(t) and D = k B T /∆U is a ratio of thermal energy to the half of non-rescaled potential barrier. From now on, only the dimensionless variables will be used in this study and therefore, in order to simplify the notation, the hat symbol will be omitted.
A. Methods
The observable of foremost interest in this study is the stationary averaged velocity v which can be expressed as
where · indicates averaging over all realizations of thermal noise as well as over initial conditions for the particle position x(0) ∈ [0, 1] and its velocityẋ(0) ∈ [−2, 2] uniformly distributed. The latter is obligatory for the deterministic limit D ∝ T → 0 when dynamics may be non-ergodic and results can be affected by specific choice of initial conditions [26] . Unfortunately, the Fokker-Planck equation corresponding to the Langevin Eq. (5) cannot be solved in a closed form. For this reason we were forced to carry out comprehensive numerical simulations. Dynamics described by equation (5) is characterized by a 5dimensional parameter space {γ, a, ω, f, D}, the detailed exploration of which is a very challenging task. We carried out numerical simulations of the equation (5) Overall, we considered nearly 10 9 different parameter sets. This exceptional precision was made possible only thanks to our innovative simulation method which is based on employing GPU supercomputers, for details see Ref. [27] . In particular, we employed a weak 2nd order predictor-corrector method [28] with the time step scaled by the fundamental period T = 2π/ω of the external driving force, i.e. h = 10 −2 × T. Since we are interested in the asymptotic long time state of the system numerical stability is an extremely important problem to obtain reliable results. Fortunately, predictor-corrector algorithm is similar to implicit methods but it does not require the solution of the algebraic equation at each step. It offers good numerical stability which it inherits from the implicit counterpart of its corrector. The stationary averaged velocity v was averaged over the ensemble of 2 10 = 1024 trajectories, each starting with different initial condition according to the distribution presented above. The number of realisations of stochastic dynamics is not accidental but it was so chosen to maximize the numerical simulation performance. The quantity of interest was calculated after it reached its asymptotic stationary value which typically takes place after 10 4 periods of the external harmonic driving T = 2π/ω.
III. RESULTS
Our idea how to separate sub-micro sized particles is the following. The stationary averaged velocity v depends, via dynamics determined by Eq. (5), on the friction coefficient γ = γ(R) which in turn is a function of the particle size R. Assume that there is a collection of e.g. four types of particles with R 1 < R 2 < R 3 < R 4 . We want to separate only particles of the radius R 2 . To this aim we should find such a parameter regime {a, ω, f, D} in which the particles of sizes R 1 , R 3 and R 4 move in the positive direction v > 0 whereas the particles with radius R 2 travel in the negative direction v < 0. Then only the particles of size R 2 will be separated from the rest. Let us now look for parameter regimes permitting such isolation process by harvesting the ANM phenomenon.
In the normal transport regime (outside of ANM), for sufficiently small values of the external perturbing bias f the Green-Kubo linear response theory holds true and the standard response of the system is that the average particle velocity is an increasing function of the static force, i.e. v = µf . However, there are also regimes for which particles move on average in the direction opposite to the applied bias, namely v < 0 for f > 0, exhibiting anomalous behaviour in the form of negative mobility µ < 0 [12, 29, 30] . The key ingredient for the occurrence of the latter effect is that the system is driven far away from thermal equilibrium into a time-dependent nonequilibrium state [12, 18, 29] . In our case this condition is guaranteed by the presence of the external harmonic driving a cos (ωt).
In panel (a) of Fig. 1 we demonstrate the ANM phenomenon. For γ = 2.135 the average velocity v assumes the same sign as the force f , which results in typical transport behaviour, consistent with the direction of the applied bias. For γ = 1.935, however, the average response of the system is opposite to the acting static bias f , i.e., v < 0 for small f > 0, indicating the ANM phenomenon. There is no relationship detectable between the set of parameter values and the occurrence of the ANM effect and therefore the values of the friction coefficient chosen here are just exemplary ones. It has been shown that there exist two fundamentally different mechanisms responsible for the emergence of ANM in our setup: (i) it can be generated by the deterministic chaotic dynamics [29] or (ii) be induced by thermal equilibrium fluctuations [12] . Very recently, a third mechanism generating the ANM effect has been discovered. Accordingly, ANM phenomenon may emerge as well within deterministic and non-chaotic parameter regimes [31] .
In panel (b) of the Fig. 1 we study temperature dependence of the average velocity v in the exemplary parameter regime corresponding to the ANM effect. For γ = 1.895 the ANM phenomenon is observed even in the limit of vanishing thermal noise intensity D ∝ T → 0 indicating that in this regime the latter effect is caused purely by the deterministic dynamics of the system. This mechanism is the most populated in the parameter space. As it is illustrated in the panel, in such a case thermal fluctuations typically have destructive impact, i.e., when thermal noise intensity is increasing the ANM disappears. On the other hand, for γ = 1.935 the ANM is induced by thermal fluctuations. It means that there is a finite win- dow of temperature D ∝ T in which the average velocity v < 0 with f > 0 and this effect is not observed in the limit of vanishing thermal noise intensity D → 0.
We now attempt to find a parameter regime for which particles differing by size could be isolated by appropriate dose of thermal fluctuations D ∝ T . Motivated by a large size range typically encountered in biochemical applications we aim to develop a tunable scheme which allows to control particle size targeted for isolation by changing solely temperature of the system. In doing so we are automatically restricted only to parameter sets corresponding to thermal noise induced ANM as for the deterministic mechanism temperature has destructive influence on the latter effect. These regimes are significantly less populated in the parameter space than the deterministic ones and therefore this task is highly challenging.
As the first step of our analysis we isolated all parameter regimes {a, ω, f, D} for which the ANM effect is induced by thermal fluctuations and observed for only one narrow interval of the friction coefficient γ. We exemplify this procedure in Fig. 2 where we depict the average velocity v versus the friction γ which can be identified with the particle size R. Amid many particles of sizes corresponding to the friction in a wide interval γ ∈ [10 −1 , 10] only those with coefficient γ * = 1.59 will move in the opposite direction v < 0 to the applied bias f > 0. Other particles will follow towards the direction of the bias. As a consequence, only those particles with γ * ≈ 1.59 will be separated from the others. In the panel (b) we magnify the interval in which the ANM phenomenon occurs. It can be viewed as a resolution capacity of this method. In the presented case it reads δγ ≈ 0.1. However, as it is illustrated, typically negative velocity v is noticeably peaked in such a region and therefore the particles of the precisely defined size γ * for which the velocity is minimal v min = v (γ * ) will be pronouncedly isolated from the others. We stress that the dimensionless friction coefficient γ in Eq. (6) depends not only on the actual friction Γ ∝ R but also on the parameters of the potential ∆U and L. Therefore experimentalists may exploit these characteristics of the periodic substrate to further adapt the particle size targeted for separation.
Given the target audience of this journal we now provide the exemplary set of the model parameters expressed in real, physical units corresponding to the regime presented in Fig. 2 . In doing so we harvest the data for the microfluidic system which in Ref. [17] was successfully exploited to separate colloidal particles and mouse liver mitochondria by utilizing the ANM effect. In particular, for a realistic colloidal particle of the radius R = 2.2 µm, for which the negative mobility effect is tailored, suspended in aqueous solution with the viscosity η = 8.9 · 10 −4 Pa s at temperature T = 25 • C, the characteristic time scales are τ γ = 0.4 s and τ 0 = 0.25 s. These imply that the potential barrier ∆U = 43 eV and the spatial period of the potential L = 11 µm. Consequently, the conservative force −U (x) is of the order ∆U/L = 0.63 pN. The amplitude and the frequency of the external driving reads A = 3.6 pN and Ω = 10 Hz, respectively. Finally, the constant bias is F = 0.063 pN. We note that all characteristic time scales τ γ = 0.4 s, τ 0 = 0.25 s and T = 2π/Ω = 0.628 s are of the same order of magnitude which is typical for the parameter regimes in which the ANM effect is observed. Moreover, the order of magnitude of pN appearing here is adequate for the biomolecular scale as e.g. the Brownian motion force on an E.coli bacterium averaged over 1 second is 0.01 pN and the propulsion developed by a molecular motor is 5 pN [32] .
As the second step of the analysis we focused on the parameter regimes {a, ω, f } for which a specific functional dependence between the friction γ * (size of the particle) intended for isolation and temperature D ∝ T can be revealed. In Fig. 3 (a) -(c) we present three exem- plary curves γ * (D) for different values of the external harmonic driving amplitude a and the frequency ω. They have been obtained from characteristics v (γ) computed for many different temperatures D ∝ T , c.f. Fig. 2 (a) . Each blue dot in the plot represents the friction coefficient γ * for which the Brownian particle velocity attains its global minimum value at fixed thermal fluctuations intensity. The grey bars indicate the friction coefficient interval δγ where the ANM effect occurs, c.f. Fig. 2 (b) . The conclusion is that there is no single parameter regime covering a wide range of the particle size γ * targeted for separation by changing solely temperature D ∝ T . However, the parameters a, ω and f give enough freedom to cover by parts a physically significant interval of moderate to large friction which is characteristic for small particles operating at low Reynolds numbers, e.g. for the panel (a) γ * ∈ [0.84, 0.96]; (b) γ * ∈ [0.55, 0.58]; (c) γ * ∈ [0.58, 0.75]. Using one of these exemplary tailored parameter regimes one is able to tune the ANM to the particle of a given size γ * by changing solely temperature D ∝ T of the system. Doing so allows to separate particles with respect to their size in an efficient and tunable way.
IV. DISCUSSION
At first glance the magnitude of intervals δγ where the ANM occurs which are represented in panels Fig.  3 (a)-(c) by the grey bars may look alarming. However, this fact should be considered as an intrinsic feature rather than a bug. First, let us discuss the typical dependence of the resolution capacity δγ on temperature D. This function is depicted in the panel (d) (right axis) for the parameter regime corresponding to the panel (c). The reader may observe there the non-monotonic dependence of δγ on temperature D which is very characteristic for the negative mobility phenomenon induced by thermal fluctuations. The anomalous transport effect emerges at the minimal temperature D min , then δγ ini-tially grows, passes through its maximum observed for an appropriate dose of thermal noise and then starts to decrease until it reaches the maximal temperature D max . In the same panel we depict also the minimal velocity v min = v (γ * ), corresponding to the particle size γ * for which the negative mobility is tailored, on temperature D. Luckily, we observe that initially thermal noise not only increases the interval δγ where the ANM is detected but at the same time it enhances the absolute value of the global minimum of the Brownian particle velocity v min . Moreover, we can notice that there is temperature for which the resolution capacity δγ is maximal and the velocity v min is minimal. It means that even though as thermal noise increases the ANM peaks in characteristics v (γ) become wider they also get more pronounced, c.f. Fig. 2 (b) . This fact guarantees that the particle size γ * for which the ANM is tailored will be well distinguished from the others. For this reason in the panel (a)-(c) of Fig. 3 we additionally marked with the cyan color the region of the particle size γ corresponding to the vicinity of minimum, i.e. [ v min − 0.05 v min , v min ]. In this range δγ typically equals several percent of the value γ * which is reasonable for the separation purposes. Note that since this interval is a projection of the window [ v min − 0.05 v min , v min ] onto γ-axis, the so obtained bar δγ is not necessarily symmetric around γ * .
Second, taking into account the above discussion, let us point out that even though there will be two particle species differing by size γ 1 ∝ R 1 and γ 2 ∝ R 2 both in the range where ANM occurs, c.f. grey area in Fig. 2  (b) , typically they will be still separated from each other since usually v (γ 1 ) = v (γ 2 ). It means that, unfortunately, they both will travel into the direction opposite to the applied constant force f but there will be a gap between them because of the difference in their velocities. This opens up an intriguing possibility for simultaneous separation of several particle species under the identical experimental conditions.
Let us now comment on the salient difference between this work and our previous paper [14] . The obvious one is that here we discuss the separation scheme with respect to the particle size γ ∝ R rather than its mass m. Moreover, in our previous paper we harvested the negative mobility effect whose roots lied solely in the deterministic dynamics of the system, c.f. Fig. 1 (b) . As the latter mechanism is significantly more populated in the parameter space of the model than the thermal noise induced one it allowed us to find an unique parameter set for which the particle mass intended for separation is effectively controlled over a regime of nearly two orders of mass magnitude upon changing solely the frequency ω of the external harmonic driving. Another difference is that typically the deterministic ANM is quickly destroyed by temperature growth meaning that the mentioned parameter regime works effectively only for low thermal noise intensities. As a consequence the ANM peaks in the characteristics v (m) are much steeper, resolution capacity δm is significantly better and the overall selectivity of the method is superior. On the other hand, here the negative mobility effect is induced by thermal fluctuations meaning that one is able to find parameter set allowing to observe the ANM in the temperature regime as high as D = 10 −2 , c.f. Fig. 3 (c) , which is not the case for the deterministic mechanism. Moreover, only due to this different origin the negative mobility effect can be controlled by thermal fluctuations. This fact combined with an appropriate experimental implementation opens an opportunity to separate particles that carry no charge or dipole or they can hardly be manipulated by means of an external field or force. The prize that needs to be paid for this possibility is a bit loss of accuracy in the separation process.
Last but not least, let us make a short comment on the hydrodynamic corrections that may play a key role in experimental reality. We have taken into account only the simplest hydrodynamic effect expressed by the Stokes term in the model equation (1) and neglected a number of additional phenomena which may prove experimentally appreciable. In particular, when the particle travels in a system with geometrical constraints, which is typically the case e.g. in the microfluidic device, its boundaries significantly modify the particle dynamics. The geometry usually increases the hydrodynamic drag. This effect is notoriously difficult to treat analytically and numerically [33] and certainly lies beyond the scope of this paper. Nevertheless for some systems it appears to be extremely important and may cause significant underestimation of the results [34] . It can be accurately incorporated by a phenomenological modification based on the experimentally measured quantities and appropriate rescaling of the model parameters [34] . Since the hydrodynamic drag is increased for such systems we expect that this effect is likely to hamper the direct observation of the ANM phenomenon. Our preliminary results tell that the latter anomalous transport effect notably decreases with the increase of friction (drag) (not depicted). Moreover, simultaneously the ANM becomes less populated in the parameter space what makes it even harder to detect (not shown). Therefore we are aware of the fact that our theoretical predictions following from Eq. (5) should be used as a guide towards "physical reality" pointing the direction for future experimental and theoretical research rather than taken as granted without approximations.
V. CONCLUSION
In conclusion, this work provides an effective method for the tunable size-based particle separation. In this scheme particle size intended for isolation can be controlled by changing solely temperature of the system without modifying the setup. It requires a symmetric spatially periodic nonlinear structure, an external time periodic driving and a constant bias. Our approach can be readily realized using a lab-on-a-chip device [17] by harvesting current lithographic techniques to develop ro-bust separation applications. These may be further enhanced by advances in 3D printing technologies which recently have been exploited down to the nanometer range [35] . For this reason we envision that the investigated method can be adapted to a wide range of separation problems in which size selectivity is required hopefully leading to e.g. new diagnostic applications with a com-mercial potential [36] . ACKNOWLEDGEMENT This work has been supported by the Grant NCN No. 2017/26/D/ST2/00543 (J. S.)
